The square-lattice quantum Heisenberg antiferromagnet displays a pronounced anomaly of unknown origin in its magnetic excitation spectrum. The anomaly manifests itself only for short wavelength excitations propagating along the direction connecting nearest neighbors. Using polarized neutron spectroscopy, we have fully characterized the magnetic fluctuations in the model metal-organic compound CFTD, revealing an isotropic continuum at the anomaly indicative of fractional excitations. A theoretical framework based on the Gutzwiller projection method is developed to explain the origin of the continuum at the anomaly. This indicates that the anomaly arises from deconfined fractional spin-1/2 quasiparticle pairs, the 2D analog of 1D spinons. Away from the anomaly the conventional spin-wave spectrum is recovered as pairs of fractional quasiparticles bind to form spin-1 magnons. Our results therefore establish the existence of fractional quasiparticles in the simplest model two dimensional antiferromagnet even in the absence of frustration.
A fascinating manifestation of quantum mechanics in the presence of many-body interactions is the emergence of elementary excitations carrying fractional quantum numbers. Fractional excitations were a central ingredient to understand the anomalous quantum Hall effect [1] , and have been investigated in a range of systems including conducting polymers [2] , bilayer graphene [3] , cold atomic gases [4] , and low-dimensional quantum magnets [5, 6] . Among the latter class of systems, the spin-1/2 chain quantum Heisenberg antiferromagnet (HAF) is perhaps the simplest realization of this paradigm, for which the ground-state and the excitation spectrum known exactly [7, 8, 9] . The elementary excitations of an antiferromagnet in the largespin, semi-classical case are well-defined spin-waves (magnons) created by ∆S = 1 processes, while in the quantum spin-1/2 chain a ∆S = 1 process generate pairs of unbound fractional quasi-particles known as spinons each carrying a S = 1/2 quantum number [8] . While the existence of spinons in the spin-1/2 HAF chain has been established in a number of experimental studies on model 1D materials [10, 11, 12] , establishing their existence in higher dimensions is an ongoing challenge [6] . To date the main candidate systems comprise antiferromagnets with frustrated geometries, including triangular [13] or kagome [14, 15, 16] lattices. In this work, we take a frustration-free route and focus on the spin-1/2 square-lattice quantum Heisenberg antiferromagnet (SLQHAF), one of the most fundamental models in magnetism. It is defined by the Hamiltonian
where the antiferromagnetic exchange J is restricted to nearest-neighbor spins i, j . We provide experimental and theoretical evidence that even in this simplest of 2D models deconfined fractional S = 1/2 quasiparticles exist and are responsible for the very significant deviations of the high-energy, short-wavelength spin dynamics from conventional spin-wave theory.
It may seem surprising that the SLQHAF is a candidate for hosting fractional excitations as at a superficial level its magnetic order and excitations resemble those of a classical system.
It is well established that at zero temperature quantum fluctuations are insufficient to prevent the development of collinear antiferromagnetic order [17] . The elementary excitations of this Néel state, when calculated using semi-classical spin wave theory (SWT), can be described as S = 1 bosonic quasiparticles, known as magnons: the one-magnon dispersion is gapless [18, 19] , with two-magnon excitations occupying a continuum at higher energy. The interaction between magnons is relatively weak and leads to an upward renormalization of the magnon energy [20, 21] and to scattering between two-magnon states [22, 23] .
While none of the above properties suggest the existence of quasiparticle fractionalization, quantum effects are nevertheless far from negligible in the SLQHAF. This is evidenced by the observation that quantum zero-point fluctuations reduce the staggered moment to only 62% of its fully ordered value S = 1/2 [24, 25] . This suggests that the SLQHAF may in fact be close to a state lacking spin-symmetry breaking, such as the resonating-valence-bond (RVB) state proposed for the cuprate realization of this model by Anderson [26] . In particular, fractional spin excitations present in the RVB state may be relevant for the spin dynamics in the Néel state, especially at high energies. Indeed, analytical theories using bosonic [27] or fermionic [28, 29] fractional quasiparticles have long been proposed. By analogy with the 1D case, these are referred to as spinons.
The magnetic excitation spectrum of various realizations of the SLQHAF have been investigated using neutron spectroscopy, including parent compounds of the high-T c cuprates such as Here we present polarized neutron scattering results on CFTD which establish the existence of a spin-isotropic continuum at (π, 0), which contrasts sharply with the dominantly longitudinal continuum at (π/2, π/2) and with expectations for a magnetically ordered ground state.
Using a fermionic description of the spin dynamics based on a Gutzwiller-projected variational approach, we argue that this is a signature of unbound pairs of fractional S = 1/2 quasiparticles ( Fig. 1b and 1c) at the (π, 0) wave vector. At other wave vectors, including (π/2, π/2) (Fig. 1d ), our approach yields bound pairs these fractional quasiparticles and so recovers a conventional magnon spectrum, in agreement with SWT (Fig. 1e ).
Neutron scattering experiments were performed on single crystals of CFTD using unpolarized time-of-flight spectroscopy ( and f-e) the ordered moment. Within SWT, the resulting transverse and longitudinal spectra are dominated by one-magnon and two-magnon excitations, respectively. At (π/2, π/2) and at an energy of ω/J = 2.38(2) we observe a sharp, energy resolution limited peak (∆ω = 1.47(5) meV = 0.24(1) J, FWHM) which is the signature of a long-lived, single-particle excitation (Fig. 2e) .
Most of the observed spectral weight is in the resolution-limited peak of the transverse channel (Fig. 2f) , while a weak continuum extends from ω/J ≈ 2.3 to 3.4 with a maximum around ω/J ≈ 2.6 in the longitudinal channel, S zz (q, ω) (Fig. 2g) . In contrast, the response at (π, 0) displays a pronounced high-energy tail, starting right above the peak maximum at ω/J = 2.19(2) and extending up to ω/J ≈ 3.8. This tail carries 40(12)% of the total spectral weight at (π, 0) ( Fig. 2a) and is evident in both the transverse (Fig. 2b) and longitudinal ( Fig. 2c ) channels. To isolate the continuous component in the transverse channel we subtract resolution-limited Gaussians corresponding to sharp, single-particle responses,
with the results shown in Fig. 2d and h. This analysis reveals the important fact that the transverse continuum at (π, 0) is within error twice the longitudinal contribution (Fig. 2d) . Thus we can conclude that the continuum at (π, 0) arises from correlations which are isotropic in spin space with S ⊥ (q, ω) = 2S zz (q, ω), while by contrast the continuum contribution at (π/2, π/2)
is fully contained in the longitudinal channel (Fig. 2h) .
The pronounced asymmetric and non-Lorentzian lineshape of the continuum at (π, 0) cannot be accounted for by conventional effects, even including instrumental resolution. SWT predicts that magnon interaction transfer up to 20% of the transverse spectral weight at the zone-boundary from the sharp one-magnon peak to a higher energy continuum of three-magnon states [23] . However, the resulting lineshape differs radically from our observations, does not coincide with the longitudinal response, and does not appear to depend significantly on the wave vector along the zone boundary. Spontaneous magnon decays can in principle produce an asymmetric lineshape but are prohibited in this case by the collinearity of the magnetic order [22, 39] . Instead, recent quantum Monte Carlo work [40] suggests to look for explanations of the continuum contribution to the dynamic structure factor at (π, 0) involving the deconfinement of fractional excitations. This is further motivated by the observed coexistence of sharp In order to explore whether fractionalization of magnons can account for the (π, 0) anomaly in the SLQHAF, we use a theoretical approach based on Gutzwiller-projected variational wave functions [43, 44] . In this approach, spin operators are transformed into pairs of S = 1/2 fermionic operators so that Eq. 1 becomes
where c † iσ (c iσ ) creates (annihilates) an electron with spin σ at site i. This transformation embeds the original spin Hilbert space into an electronic Hilbert space which also contains nonmagnetic sites occupied by zero or two electrons. As a result, Eqs 1 and 2 are only equivalent on the restricted electronic subspace with half electron filling and no empty sites or double occupancies. This constraint can be enforced exactly by the so-called Gutzwiller projector P G . The advantage of this approach is that pairs of fractional S = 1/2 quasiparticles (for the original spin Hamiltonian) can be naturally constructed as particle-hole excitations in the electronic space, projected a-posteriori by P G onto spin configurations with exactly one electron per site. 
where |0 is the electron vacuum and where the γ operators that diagonalize the mean-field electronic Hamiltonian. The product over the wavevector k is restricted to the magnetic Brillouin zone (MBZ), a result of the antiferromagnetic unit-cell-doubling. Consequently "±" denotes the band index. In the present case of half electron filling, the "−" band is fully occupied, and there is a finite gap to the empty "+" band for non-zero Néel order-parameter. The overall minimization procedure is carried out numerically using Variational Monte Carlo [44] and leads to a |SF+N state with variational energy We now turn to the construction of transverse (S = 1) spin excitations for the above variational states, aiming at comparing their respective dynamic structure factor with the results of 
where the states |k, q are generated by destroying a spin-down quasiparticle in the "−" band and creating a spin-up quasiparticle in the "+" band. The coefficients φ n kq are obtained by diagonalizing the original Hamiltonian (Eq. 1) projected onto the non-orthonormal set of states |k, q and correspond to the eigen-energies E + qn . Expressing the Fourier-space quasiparticle operators γ kσ± using the real-space c iσ operators, we note that the variational spin excitations contain both local spin flips S (Fig. 3b ) and spatially separated particle-hole excitations, P G c † j+r↑ c j↓ |ψ MF (Fig. 3c) . The dynamic structure factor of the transverse spin excitations is calculated as
where |GS stands either for |SF+N or |SF . We use the identity S ⊥ ≡ S +− = S −+ valid for both variational ground-states to compare the transverse dynamic structure factor of the variational states |SF+N and |SF with the experimental results presented in Fig. 2 . A similar approach also allows to obtain the longitudinal (S = 0) dynamic structure factor (see Supplementary Materials).
The transverse dynamic structure factor S ⊥ (q, ω) of the |SF+N state is shown in Fig. 4 However the |SF+N transverse dynamic structure factor exhibits a gap at (π, π) and no continuum above the magnon branch at (π, 0). We believe that this is an artifact of replacing the spontaneous symmetry breaking by a Néel mean-field order parameter: this ansatz, as men- above the spin-wave mode (shown in Fig. 4b for a 32 × 32 lattice). This behavior contrasts the situation at (π/2, π/2) where the high-energy transverse excitations completely lose their spectral weight on reducing the Néel field and only the spin-wave mode remains in the |SF state. We therefore suggest that the continuum of excitations observed at (π, 0) is related to power-law transverse spin correlations and that it corresponds to deconfined fractional spin-1/2 quasiparticles.
To support this interpretation, we consider in Fig. 5a and 5b the system-size dependence of S ⊥ (q, ω). While the excitations at (π/2, π/2) form a single sharp mode with energy and intensity nearly independent of the system size, the number of modes at (π, 0) and their relative weights are strongly modified by increasing the number of sites. This behavior is consistent with the development of a continuum of fractional quasiparticles at (π, 0) in the thermodynamic limit.
Having established that our Gutzwiller approach depending on wave-vector produces respectively sharp and continuum-like excitations from the |SF state, we analyze their real-space structure to gain further insight into their nature. We consider their overlap with projected real-space particle-hole excitations |q, r, + = P G R e iq·R c † R+r↑ c R↓ |ψ MF , where a Fourier transformation was applied to reflect translation invariance. In this formalism, the most local projected particle-hole pair is the spin-flip state S + q |SF = |q, 0, + corresponding to a magnon while non-local pairs are characterized by a finite separation r. Therefore, the degree of deconfinement of a fractional S = 1/2 quasiparticles pair can be characterized using the spatial extent of its overlap with projected real-space particle-hole excitations. To evaluate it, we define the weighted average
where the aforementioned overlap, represented by the first term, is weighted by the intensity of the transverse spin excitation in the dynamic structure factor. The spatial profile of ρ q (r) for the magnetic zone-boundary wave-vectors, shown in Figs. 1b and 1d, reveals much more extended fractional S = 1/2 quasiparticles pairs at (π, 0) than at (π/2, π/2). This is confirmed by the system-size dependence of the radially-integrated normalized distribution P q (r) = |r |<r ρ q (r ), plotted in Figs. 5c and 5d. At (π/2, π/2), P q (r) saturates at a dis- Figure 5 : Finite-size effects in the |SF state. Transverse dynamic spin structure factor at (π, 0) (a) and (π/2, π/2) (b) for different system sizes ranging from 8 × 8 (dark blue line) to 32 × 32 (dark red line). Disk-integrated fractional-quasiparticle pair separation distribution P q (r) at (π, 0) (c) and (π/2, π/2) (d) for corresponding system sizes. (e) Mean fractional-quasiparticle pair separation r q at (π, 0) (red symbols) and (π/2, π/2) (blue symbols). The error bars result from the variational Monte Carlo sampling.
tance, r, that is nearly independent of the system size, while at (π, 0) it does so at a distance that increases with the number or sites. Similarly, the "root-mean-square" fractional quasiparticles pair separation r q = [ r |r| 2 ρ q (r)/ r ρ q (r)] 1/2 , presented in Fig. 5e , grows linearly with the system size for (π, 0) while it has a much weaker size dependence for (π/2, π/2).
Taken together, our real-space results for the |SF state show that spin excitations at (π/2, π/2)
can indeed be considered as bound pairs of S = 1/2 quasiparticles with confined spatial extent.
In contrast at (π, 0) the strong system size dependance of the spin excitations spatial extent indicates quasiparticle deconfinement in two spatial dimensions. We do not attempt to extract power laws from the numerical data, since the variational |SF state mimics the long-distance spin correlations only qualitatively. Similarly, due to the difficulty in recovering the correct asymptotic behavior for the equal-time correlations in the |SF+N state, it remains an open theoretical challenge to obtain explicit quasiparticle deconfinement out of the magnetically ordered ground state of Eq. 1.
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Properties of the metal-organic compound CFTD
A detailed review of the properties of CFTD can be found in Chapter 3 of Ref. [52] .
Crystal structure
The layered metal-organic compound Cu(DCOO) 2 ·4D 2 O (CFTD) investigated in this work is the deuterated analog (hydrogen 1 H substituted by deuterium 2 D) of copper formate tetrahydrate (CFTH) [53] . It is described in the monoclinic space-group P2 1 /a at 300 K and in P2 1 /n below T s ≈ 246 K where the unit-cell doubles along c [54] . This change of symmetry results from a first-order antiferroelectric ordering involving the water molecules between the copper-formate planes, see 
Crystallographic notations
In the reciprocal lattice of CFTD spanned by a * , b * , and c * , we define wave-vectors as Q = ha * + kb * + c * with h, k and l in reciprocal lattice units (r.l.u). In the = 0 plane considered in this work, Brillouin zone centers (Q = τ ) are defined by the equivalent reciprocal-lattice vectors τ = (2, 0, 0), τ = (1, 1, 0) and τ = (0, −2, 0). In turn, we define the elementary reciprocal square-lattice spanned by x * and y * such that the two-dimensional wave-vector q = q x x * + q y y * with q x = π(h + k) and q y = π(h − k) conform with standard theoretical notations.
Magnetic properties
The magnetic susceptibility of CFTH/CFTD reveals an overall antiferromagnetic behavior with a negative Weiss constant , and a transition to 3D long-range order at T N = 16.5(5) K [56] . The analysis of the T > 35 K susceptibility using high-temperature series-expansion yields a nearestneighbor exchange J = 6.2(3) meV [58] . Results from local probes such as NMR [59, 60] , ESR [61] and isothermal magnetization [62, 63] conform with this picture. To fully account for these measurements, it is however necessary to introduce small gyromagnetic and exchange anisotropies. The gyromagnetic-tensor of the Cu 2+ sites is staggered, with estimated principal components g ⊥ = 2.1 and g = 2.4, and average value of g av = 2.19 [57, 62] . In turn, the dominant nearest-neighbor exchange J is weakly anisotropic, with an estimated symmetric off-diagonal component < 10 −3 J [61] and an estimated antisymmetric component < 10 −2 J with Dzyaloshinskii-Moriya vector directed in the ac-plane, closer to c than to a [62, 63] . The interlayer exchange is estimated to be as small as J c ≈ 5 × 10 −5 J. Overall, CFTD is one of the best known realization of the spin-1/2 square-lattice Heisenberg antiferromagnet, with an exchange energy-scale perfectly suited for polarized neutron scattering experiment, in contrast to the much higher energy-scale of the parent compounds of the superconducting cuprates.
Magnetic order
Unpolarized and polarized neutron diffraction measurements [64] establish that CFTD indeed hosts long-range magnetic ordering below T N . The static magnetic structure is best described by an anticollinear arrangement of nearest neighbor spins, with spins lying in the ac-plane with an on-site moment m of norm 0.48(2) µ B and direction 8(1)
• away from a towards c, i.e.
only 3(1)
• from a * . The four-sublattice structure, see Fig. S1c , allows a very weak canting along b but a net ferromagnetic contribution ≥ 0.005(6) µ B is excluded. This suggests that the magnetic structure is stabilized by a small off-diagonal symmetric exchange with negligible antisymmetric exchange. Only magnetic reflections with = 2n + 1 are observed so that there is no magnetic Bragg peak accessible in the a * b * reciprocal plane. The lowest-angle magnetic reflection is Q = (1, 0, 1) . As the -component of Q is irrelevant for the two-dimensional correlations considered in this work, Q = (1, 0, 0) and equivalent reflections correspond to the center of magnetic Brillouin zone (M-point) with q = (π, π). Similarly, Q = (0.5, 0.5, 0) and equivalent positions correspond to the X-point of the magnetic zone-boundary point q = (π, 0), while Q = (0.5, 0, 0) and equivalent positions coincide with the zone-boundary point q = (π/2, π/2).
Magnetic excitation spectrum
Previous inelastic neutron scattering studies on single-crystals of CFTD confirmed it is an excellent realization of the Heisenberg square-lattice antiferromagnet [65, 66, 67, 68, 69] . A fit to the dispersion of its magnetic excitations using spin-wave theory, including the renormalization factor Z c = 1.18, yields J = 6.11(2) meV [69] , in good agreement with susceptibility results. Likewise, exchange terms going beyond that of the spin-1/2 square-lattice Heisenberg antiferromagnet are found to be very small. No dispersion is observed along c * [65] what confirms the excellent two-dimensionality of the coumpound. The largest deviation from the ideal model is a small gap at the magnetic-zone center Q = (1, 0, 0) of ≈ 0.38 meV [66, 67, 68] , attributed to a small off-diagonal exchange interaction. The absence of further-neighbor interactions is inferred indirectly, by comparing the observed dispersion at the magnetic zone-boundary with theoretical results [67, 69] 
Crystal Growth
Due to the large incoherent neutron cross section of 1 H, it was necessary to prepare a 2 Dsubstituted sample of CFTD for our neutron scattering experiments. This was achieved by dissolving CuO in a solution of D 2 -formic acid in D 2 O and evaporating the solution to precipitate CFTD. The product was purified by redissolving, filtering, and recrystallizing twice. Seed crystals were grown by slow evaporation of a supersaturated solution from beakers coated with dimethyldichlorosilane. All operations were carried out under inert atmosphere to avoid exchange with airborne water. The large single crystals used in the experiments were grown by a convection method [70] :
two glass columns were charged with deuterated starting material and a seed crystal suspended on a glass fiber, respectively, and connected at top and bottom to form a loop. The apparatus was filled with a saturated solution of CFTD in D 2 O, and a convection current was induced by regulating the temperatures of the starting material column with a water bath. The flow of supersaturated solution generated in the warmer starting material zone over the seed crystal in the cooler zone lead to the growth of a 7.2 g cubic crystal of dimension 20 × 20 × 20 mm 3 within a period of around 14 days. Three smaller ≈ 4 g crystals were obtained in subsequent growth cycles.
Time-of-flight inelastic neutron scattering experiment
Our time-of-flight inelastic neutron scattering results were obtained using the chopper spectrometer MAPS at the ISIS Facility, Rutherford Appleton Laboratory (UK) with an incident neutron energy E i = 36.8 meV. The sample consisted of three co-aligned crystals of total mass ≈ 12 g mounted on an aluminum sample holder, aligned with the reciprocal directions a * and b * kept perpendicular to the direction of the incident beam, and cooled down to T = 6 K in a closed-cycle cryostat. After standard corrections and transformations, the intensity obtained at momentum transferhQ and energy transferhω is proportional to diagonal components of the dynamic structure factor S αα (Q, ω) defined as the time Fourier-transform of the thermally averaged spin-spin correlation function,
with S α (Q, t) = 1/(2π) 3 S α (r, t) exp(iQ · r)d 3 r the space Fourier transform of the α component of the spin operator S(r, t). In our time-of-flight experiment αα components that are perpendicular to Q contribute to the intensity. As an array of detectors is used to cover a large solid angle, each pixel records a different linear combination of αα-compoments.
Benefiting from the absence of dispersion of the excitations along c * , the collected data were projected in the a * b * reciprocal-plane and integrated along the third momentum transfer direction. Symmetries of the elementary square-lattice were used to fold the data into an irreducible 1/8 of the two-dimensional Brillouin zone. An energy-dependent background was subtracted from the obtained data. Originating from the imperfect deuteration of our sample due to 1 H/ 2 D exchange, this coherent and nuclear spin incoherent phonon background is Q independent within a good approximation and obtained by integrating on a square ∆h, ∆k = ±0.125 r.l.u around the nuclear zone center τ = (1, 1, 0).
Polarized triple-axis inelastic neutron scattering
N (Q) is the nuclear scattering amplitude, M ⊥Q (Q) the magnetic scattering amplitude perpendicular to the momentum transfer Q, ν iso denotes the nuclear spin-independent elastic and inelastic incoherent scattering due to random isotope distribution, and σ nsi the nuclear spindependent elastic and inelastic incoherent scattering related to random nuclear spin orientation. The proportionality constant is the same for all six equations. From the above six equations, the four quantities M
⊥Q T,ω , σ nsi T,ω , and N * N T,ω + ν iso T,ω can be determined separately.
Reconstruction of the dynamic structure factor
The components of the magnetic vector M α (Q, t) entering the polarization analysis formulas of Eq. S8 are related to the space Fourier-transform of spin operators,
where g is the the gyromagnetic factor and f (Q) the magnetic form-factor of the considered Cu 2+ ions. Polarization analysis thus allows to extract separately two components of the dynamic structure factor at each Q.
Note that the α = x, y, z components of S αα (Q, ω) are expressed in the Cartesian coordinate system attached to the ordered-moment direction z m while the β = y 0 , z 0 components of M ⊥Q (Q) are expressed in the Cartesian coordinate system attached to the momentum transfer x 0 Q. This allows to reconstruct the full dynamic structure factor by combining measurements from two equivalent Brillouin Zones, the orientations of which with respect to m differs, see Fig. S2 . In the τ = (2, 0, 0) zone, Q is mostly parallel to m what allows to obtain the transverse components S xx (Q, ω) and S yy (Q, ω) by measuring Q 1 = (2.5, 0, 0) and Q 2 = (2.5, −0.5, 0) corresponding to the 2D wave-vectors q = (π/2, π/2) and q = (π, 0), respectively. Likewise, in the τ = (0, −2, 0) zone, Q is mostly perpendicular to m , what allows to obtain the longitudinal and transverse components S zz (Q, ω) and S yy (Q, ω) for Q 3 = (0, −2.5, 0) and Q 4 = (0.5, −2.5, 0) corresponding to the 2D wave-vectors q = (π/2, π/2) and q = (π, 0), respectively. This is conveniently understood schematically, see Fig. S2 .
Data correction
Our experiment thus consisted in collecting the six above partial cross sections of Eq. S8 as a function of energy transfer for the four momentum transfers of Fig. S2 . Various corrections had to be applied to relate the measured intensities to the components of the dynamic structure factor. First, the intrinsic k • from a * towards c) is represented as a bold arrow. The "transverse" and "longitudinal" configurations with respect to the ordered moment are schematically drawn in blue and red, respectively. polarization, the data were corrected for the mutual influence of non-spin-flip and spin-flip scattering into another in each channel,
where P β is the beam polarization in the direction β, d 2 σ/dΩdE f is a measured cross-section and d 2 σ/dΩdE f | a corrected one. Following, careful tests performed during the experiment on the polarization of the direct-beam, we used an isotropic imperfect polarization P x 0 = P y 0 = P z 0 = 0.873 (5) . Given the small anisotropy of the gyromagnetic factor and noting that all wavevectors considered here have similar length within 2%, we obtain that the magnetic form factor gf (Q i )/2 is constant. We also neglected the difference in extinction between our four Q i given the nearly cubic shape of the sample and also neglected the 3
• out-of-plane orientation of the ordered moment.
Results
Finally, we obtain M 2 Theoretical Materials and Methods
SF+N mean-field Hamiltonian
The SF+N Hamiltonian is a mean-field ansatz for the Heisenberg model expressed in terms of fermionic operators (Eq. 2). The mean-field decoupling is:
with
and
for nearest-neighbor pairs i, j , i x(y) being the x (y) coordinate of site i on the square lattice. For constructing the ground-state wave function, we ignore the overall scale of the Hamiltonian H MF and put |χ ij | = 1. The two variational parameters are θ 0 and H N (the Néel field). The complex hopping amplitude χ ij causes the square lattice to be threaded with staggered fluxes going through the lattice squares. Electrons circulating around a square acquire a phase of ±4θ 0 . The mean-field Hamiltonian H MF is diagonalized by the quasiparticle operators
where the wave vector k is restricted to the magnetic Brillouin zone, σ is the spin index, and Π = (π, π). The coefficients u kσ± and v kσ± are calculated as
Here ± subscripts correspond to the upper and lower branch of quasiparticles with energies ±ω k , respectively. Note that these energies do not carry any physical meaning, but only determine the empty and occupied quasiparticle states. They are given by
The variational parameters θ 0 and H N are optimized using the standard variational Monte Carlo technique. The optimal wavefunction |SF + N is obtained with
H N = 0.11.
On the other hand, the spin liquid state |SF is obtained by letting the Néel field go to zero
Numerical projection of the Heisenberg Hamiltonian
In our variational approach, we project the physical Heisenberg spin Hamiltonian H (given by Eq. 1) onto the subspace spanned by the Gutzwiller-projected mean-field particle-hole states |k, q (Eq. 4). For simplicity, in this section we only discuss the case of the transverse excitations; the longitudinal case is treated in a similar way. Diagonalizing the projected Hamiltonian amounts to solving a generalized eigenvalue problem
in order to determine the coefficients φ 
These matrices are sampled using the Monte Carlo reweighing technique developed by Li and Yang [54] :
Here |α and |β are real space spin configurations and ρ q (α) are the Monte Carlo sampling probabilities. The amplitudes k, q|α are calculated as Slater determinants [44] . The amplitudes β|k , q are efficiently calculated by changing a row and a column in the Slater matrix using a rank-2 determinant update. Note that this approach leaves uncalculated the overall normalization factor Tr(O q ) = k O q kk in Eq. S26, which can be ignored for the generalized eigenvalue problem (Eq. S24).
Transverse dynamic structure factor
Since the local spin-flip operator S + i commutes with the Gutzwiller projection, its action on the variational ground state |SF(+N) can be decomposed in the projected particle-hole states |k, q : S
with the expansion coefficientsφ
More generally, a projected transverse particle-hole pair state can be written as 1 − e iΠ·r . The zero-temperature transverse dynamic structure factor of a system in the groundstate |ψ GS (with the ground-state energy E GS ) is
where {|λ q } is the set of all excited states with energies E λq . In our variational approximation, we restrict the sum to the projected particle-hole eigen-states as obtained by solving the generalized eigenvalue problem (Eq. S24) and obtain:
Note that in order to calculate this expression, we need to know the normalization of the overlap matrix O q kk . This normalization was disregarded in the generalized-eigenvalue calculation (Eq. S26), but can be calculated independently from the sum rule
This is the equal-time transverse spin correlation function, which can be calculated directly as an expectation value in the variational ground state by using a Monte Carlo sampling. This method allows us to calculate the correctly normalized transverse dynamic structure factor. 
Transverse magnon mode intensity
We compare here our variational calculation on the |SF+N state with SWT. Remarkably, it reproduces well not only the energies of the magnon excitations, but also the intensities I q,n = q, n|S
except for the low-energy Goldstone magnons and for the (π, 0) point (where some part of the calculated spectral weight is transferred to higher energy states), see Fig. S3 . However both theories fail to capture the dramatic loss of spectral weight observed at (π, 0) in experiments, as explained in the main text.
Supplementary Figure 4 : The longitudinal dynamic structure factor of the |SF+N state for the system size 24 × 24. The dashed white line shows the energies of the magnon mode found in the transverse dynamic structure factor.
Longitudinal dynamic structure factor
To obtain the longitudinal dynamic structure factor, we construct a set of ∆S z = 0 longitudinal excited states: |k, q, σσ = P G γ † kσ+ γ k−qσ− |ψ MF
At q = (0, 0) and q = (π, π), we must complement this set with the ground state P G |ψ MF since they all belong to the same momentum in the magnetic Brillouin zone and thus might overlap. The numerical projection of the Heisenberg Hamiltonain on this set of states is performed in exactly the same way as in the transverse case. Note that calculating the amplitudes β|k , q, σσ now involves updates of the Slater determinant by changing for instance two rows and one column simultaneously, which can be done by generalizing the determinant update formula to arbitrary rank-n change of rows and columns. To calculate S zz (q, ω), we derive the coefficientsφ 
